Cluster structures of 14 C were investigated with a method of antisymmetrized molecular dynamics (AMD) combined with a 3α + nn cluster model while focusing on the monopole excitations and linear-chain 3α band. Variation after parity and angular momentum projections was performed in the AMD framework, and the generator coordinate method was applied to take into account various 3α + nn cluster configurations. Energy spectra and monopole and E2 transition strengths of 0 + , 2 + , and 4 + states were calculated to assign band structures. The 0 + 3 state with remarkable monopole transition was obtained as a vibrational mode of the triangle 3α configuration. In addition, the linear-chain 3α band from the band-head 0 + 4 state was obtained. 10 Be+α decay widths of 0 + , 2 + , and 4 + states were evaluated. α inelastic scattering off 14 C was also investigated by the microscopic coupled-channel calculation with the g-matrix folding model to propose possible observation of the 0 + 3 state via α scattering experiments.
I. INTRODUCTION
3α clustering is one of the hot subjects of C isotopes. A variety of 3α cluster structures in 12 C have been investigated (see for examples, review articles of Refs. [1] [2] [3] [4] [5] [6] and references therein). Particularly, the 0 + 2 state of 12 C has been attracting a great interest and discussed as a gas state of α particles. The strong monopole transition from the ground state supports the developed 3α structure of the 0 + 2 state. In higher energies than the 0 + 2 state, other kinds of 3α-cluster structure such as a triangle, bendingchain, higher-nodal states have been theoretically suggested .
For neutron-rich C isotopes, further rich phenomena of the 3α clustering are expected to appear because of surrounding excess neutrons. One of fascinating topics is the linear-chain 3α structure in neutron-rich C. The linear-chain 3α clustering in 12 C was originally proposed by Morinaga [30, 31] , but it is considered to be unstable against bending motion. However in the case of neutronrich C isotopes, the linear-chain clustering can be stabilized owing to excess neutrons as predicted in theoretical works [32] [33] [34] [35] [36] [37] [38] [39] [40] . In this decade, many experiments have been performed to observe cluster states in 14 C [41] [42] [43] [44] [45] [46] [47] [48] . One of good tools to search for new cluster states is α resonant scattering, which has been recently utilized to study cluster states in such unstable nuclei as 14 C. For 14 C, candidate states of the linear-chain band have been reported by recent experiments of the 10 Be+α resonant scattering [45] [46] [47] , but its rotational band members have yet to be confirmed.
An alternative tool to investigate cluster states is the α inelastic scattering off target nuclei because developed cluster states tend to be populated by the α scattering via isoscalar transitions [49] [50] [51] [52] [53] [54] [55] [56] . The α scattering has been utilized, in particular, to investigate isoscalar monopole transitions into excited 0 + states as done for 16 O to study 0 + cluster states [53] .
Our aim is to investigate cluster states in 14 C focusing on the monopole excitations as well as α-decay property. In preceding works on the linear-chain structure of 14 C [34, 37, 40] , methods of antisymmetrized molecular dynamics (AMD) [57] [58] [59] were applied, but the framework is not sufficient to describe detailed 10 Be + α clustering features. The cluster structures of 14 C have been also studied by the generator coordinate method (GCM) of a 3α +nn cluster model [39] . However, the cluster model is not able to properly describe low-energy spectra because it is not suitable to describe shell model configurations nor cluster breaking in low-lowing states. One of the authors [60] have studied low-lying states of 14 C by a calculation of variation after angular momentum and parity projections (VAP) with the AMD model. The AMD calculation of VAP reasonably described the 0 + , 2 + , and 1 + spectra and Gamow-Teller transitions from 14 N(1 + 1 ) except for the anomalously hindered β decay of the ground state of 14 C.
In the present paper, we apply the AMD method of VAP combining it with the GCM of the 3α + nn cluster model, which we call "VAP+cl-GCM" in this paper, and discuss the energy spectra and band structure of 14 C. A particular attention is paid on the monopole excitations and linear-chain band. Cluster features of 10 Be+α and 3α + nn clusterings are discussed. The α inelastic scattering off 14 C are also calculated with the microscopic coupled-channel (MCC) calculation using the matter and transition densities obtained by VAP+cl-GCM. The reaction approach is the g-matrix folding model, where α-nucleus coupled-channel potentials are microscopically derived by folding the Melbourne g-matrix effective nuclear interaction with input of densities of the target nucleus from the structure model. Similar MCC calculations have been done for study of 12 C(α, α ) and 16 C(α, α ), and proved to reproduce cross sections of cluster states without phenomenologically adjusting parameters of the reaction calculation [62] [63] [64] .
The paper is organized as follows. The procedure of the structure calculation of VAP+cl-GCM is explained in Sec. II, and structure properties of 14 C are discussed in Sec. III. The result of the α scattering off 14 C is shown in Sec. IV. Finally, a summary is given in Sec. V.
II. FORMULATION OF VAP+CL-GCM
A. model wave function 0 + and 2 + states of 14 C are calculated with the VAP version of AMD combined with the cluster GCM, in which AMD and 3α + nn wave functions are superposed.
An AMD wave function is given by a Slater determinant of single-nucleon Gaussian wave functions as
Here A is the antisymmetrizer, and ϕ i is the ith singleparticle wave function written by a product of spatial (φ Xi ), spin (χ i ), and isospin (τ i fixed to be proton or neutron) wave functions. The width parameter ν is chosen to be the same value ν = 0.19 fm −2 as Ref. [60] . The parameters Z ≡ {X 1 , . . . , X A , ξ 1 , . . . , ξ A } for Gaussian centroid positions and nucleon-spin orientations of all nucleons are treated as variational parameters, which are optimized of each state of 14 C. We use five AMD wave functions (Φ (n) AMD n = 1, . . . , 5) obtained for five states, 14 C(0 + 1,2 , 2 + 1,2 , 1 + 1 ), with the energy variation after J π (angular momentum and parity) projection in Ref. [60] . For more details, the reader is referred to this reference.
In addition to the AMD wave functions, 3α+nn cluster wave functions are superposed to take into account large amplitude motion between α clusters. The model wave functions for 3α + nn configurations are almost same as those adopted in Ref. [39] . We first compose wave functions of the subsystem 10 Be with a 2α + nn cluster model considering the α-α motion in 10 Be, and then place the third α cluster at various distances and angles from the 10 Be core as illustrated by a schematic figure shown in Fig. 1 . The first and second α clusters are placed on the Z axis at (0, 0, ±d/2) with the distance d. For two valence neutrons, we adopt neutron configurations of an cluster model for 10 Be proposed by Itagaki et al. [65] , which is an extended version of the Brink-Bloch cluster model [66] . Namely, wave functions for spin-up anddown neutrons are given by Gaussian wave packets at the same position but the momentum opposite to each other. As a result, the 2α + nn wave function is given as
with R 1 = −R 2 = (0, 0, d/2) and
Here Φ α (R k ) is the α cluster wave function given by the (0s) 4 harmonic oscillator configuration located at R k and the parameters ρ and Λ are optimized to minimize the 10 Be energy for each α-α distance d. Using the optimized values of ρ and Λ, the 3α + nn wave function is given as
To exactly remove the center of mass motion from the total wave function, the Gaussian center positions are shifted as
The Gaussian widths of the α and neutron wave functions are common and taken to be the same ν value as that used in the AMD wave function. Note that the present 3α+nn cluster wave function can be expressed by a specific configuration of the AMD wave function. The basis wave functions Φ 3α+nn (d, D α , φ, θ α ) with various values of four parameters, d, D α , φ, and θ α , are projected to J π eigen states and superposed in the GCM calculation. We here simply denote the mth basis wave function as Φ (m) 3α+nn with the label m for the parameter set (d, D α , φ, θ α ). The final wave function of VAP+cl-GCM for the J π k state is obtained by combining the AMD and the 3α + nn wave functions as
where coefficients c (n)
are determined by diagonalization of the norm and Hamiltonian matrices.
In order to evaluate component of a specific 3α + nn configuration contained in the J π k state, we define the squared overlap of Ψ(J π k ) with a basis 3α+nn wave function as
B. Effective interactions and parameter setting
We use the effective nuclear interactions of the MV1 (case 3) central force [67] supplemented by the spinorbit term of the G3RS force [68, 69] , and the Coulomb force. The Bartlett, Heisenberg, and Majorana parameters, b = h = 0.125 and m = 0.62, in the MV1 force are adopted, and the strengths u I = −u II = 3000 MeV of the G3RS spin-orbit force are used. These interaction parameters are consistent with those used in Ref. [60] for the study of 14 C with the VAP calculation [60] . It should be commented that we use the MV1 force consisting of the finite-range 2-body and zero-range 3-body forces instead of the Volkov force [70] used in Refs. [34, 39] , because spectra of low-lying states in 14 C and also those of cluster states in 16 O were reasonably reproduced by the MV1 force but not by the Volkov force.
For the generator coordinates d, D α , φ, and θ α of the GCM calculation, we adopt discrete values, d = 2, 3, 4 fm, D α = 2, 3, . . . , 7 fm, φ = π/8, 3π/8, 5π/8, 7π/8, and θ α = 0, π/8, π/4, 3π/8, π/2 of the 3α+nn wave functions. Note that the angle ranges 0 ≤ φ ≤ π and 0 ≤ θ α ≤ π/2 are equivalent to the full ranges 0 ≤ φ ≤ 2π and 0 ≤ θ α ≤ π because of the parity and angular momentum projections. In this parametrization, the number of basis 3α + nn wave functions Φ
The values of ρ and Λ of neutron wave functions are listed in Table I . In the first choice (set-1), we optimize ρ and Λ to minimize the 0 + energy of the subsystem P 0+ 00 Φ 2α+nn . In the second choice (set-2), we use alternative values of ρ and Λ for d = 3 fm determined to minimize the (J π , K) = (2 + , 2) energy of P 2+ M 2 Φ 2α+nn so as to globally optimize energies of 10 Be(0 + 1 ), 10 Be(2 + 1 ), and 10 Be(2 + 2 ). As shown in Table I , the second choice gives a better result of the low-energy energy spectra of 10 Be, in particular, the energy of 10 Be(2 + 2 ). Therefore, we adopt parameters ρ and Λ of set-2 in the present calculation of 14 C. The energy levels of 14 C obtained by the VAP+cl-GCM calculation are shown in Fig. 2 . Root-mean-square radii and monopole transition strengths of the proton and neutron parts for 0 + states are listed in Table II , and quadrupole (λ = 2) transition strengths of the proton and neutron parts are shown in Table III . The calculated energy spectra of 0 + , 2 + , and 4 + states of 14 C are shown together with the experimental energy spectra assigned to 0 + , 2 + , and 4 + in Ref. [71] . The experimental levels with asterisk symbols are the states reported in Ref. [47] as candidates of the linear-chain band.
The calculated energy spectra of 0 + , 2 + , and 4 + states are compared with the experimental energy spectra in [71] . and 0 + 2 states are approximately described by the VAP wave functions showing shell-model like structure but no prominent cluster structure. In the mean-field picture, the 0 + 2 state is approximately understood as neutron excitation into a (sd) 2 configuration and has a normal proton radius as small as that of the ground state. In contrast to the 0 + 2 state, the 0 + 3 and 0 + 4 states have relatively large nuclear radii and spatially developed cluster structures. The 0 + 4 state dominantly has the linear-chain 3α structure and constructs a rotational band.
In the monopole transition strengths listed in Table II , the remarkable strength from the ground state is obtained for the 0 + 3 state because of its nature of the triangle 3α vibration mode. On the other hand, the 0 + 4 state has weak monopole transition strength even though it is a developed cluster state, because the linear-chain state has the linearly aligned 3α configuration, which is much different from the ground state and difficult to be directly excited by the monopole operator.
Let us discuss the band structure based on the E2 transition strengths shown in Table III . The 2 + 1 state is assigned to the ground band and mainly contributed by the proton rotation. The 0 + 2 , 2 + 2 , and 4 + 1 states with dominant neutron (sd) 2 components construct the K π = 0 + 2 band. The 0 + 3 state shows no clear signal of band structure. Instead, the E2 strength from this state is fragmented into 2 + 4 and 2 + 5 states. The rotational band of the linear-chain structure is built on the 0 + 4 state with the 2 + 5 and 4 + 3 states. This band has remarkably strong E2 transitions and large moment of inertia (small level spacing) because of the highly elongated structure. More detailed properties of α decays and cluster structures are discussed in the following sections. In order to discuss α decay properties, we calculate the 10 Be(0 + 1 ) + α component in the 0 + , 2 + , and 4 + states. The squared overlap of Ψ(J π k ) obtained by VAP+cl-GCM with the 10 Be(0 + 1 )+α wave function with the distance D α is calculated. The result for the 0 + 1,2,3,4 states is shown in Fig. 3 . The ground state has the overlap only in the internal region indicating the 10 Be(0 + 1 )+α component as the ground state correlation but no spatially developed clustering. In the 0 + 2 state, 10 Be(0 + 1 ) + α component is relatively minor compared with the 0 + 3 and 0 + 4 states. In the 0 + 3 state, the squared overlap is distributed in a wide range of D α with the maximum amplitude at D α = 4 fm meaning that the α cluster is moving in the broad region around the 10 Be(0 + 1 ) core. The 0 + 4 state has large overlap amplitudes at D α = 6 fm and shows remarkable development of the clustering. The significant amplitude at D α = 7 fm may indicate some coupling with 10 Be(0 + 1 )+α We evaluate the reduced widths for 10 Be(0 + 1 ) + α from the calculated overlap with the approximation proposed in Ref. [74] . The energy spectra and widths for the states having significant decay widths are shown in Fig. 4 . The energy levels are plotted with respect to relative energies E r measured from the 10 Be + α threshold energy. Here, the partially decay widths for the 10 Be + α channel are evaluated with the reduced widths and penetrability of E r at the channel radius a = 5 fm as often done in structure model calculations. The levels connected by dashed lines are the linear-chain band members. For comparison, theoretical results of the linear-chain bands predicted in other two calculations [34, 40] . The theoretical widths are not necessarily consistent between three calculations mainly because of different theoretical values of E r , which are affected by model ambiguity from effective nuclear interactions and model spaces. However, the dimensionless reduced widths θ(a) 2 are not so much different: θ(a) 2 for the 0 + , 2 + , and 4 + states are 0.15, 0.27, and 0.10 at a = 5 fm in the present calculation, 0.16, 0.15, and 0.09 at a = 5 fm in Ref. [34] , and 0.07, 0.07, and 0.05 at a = 6 fm in Ref. [40] . It means that the cluster structure of the linear-chain band is qualitatively similar between these calculations.
The data of 0 + , 2 + and 4 + states reported by experiments of the α resonant scattering [45] [46] [47] are also shown in left three columns of Fig. 4 . It is difficult to confirm the experimental assignment of the linear-chain band from those data because the data are not necessarily consistent between different experiments. The θ 2 α (a) values at a = 5 fm reported in Ref. [47] are 0.34 (12) , 0.091 (27) , and 0.024 (9) for the 0 + , 2 + , and 4 + states, respectively. The observed θ 2 α (a) values of the 2 + and 4 + states are smaller than the present result.
C. 3α + nn cluster structures
As mentioned previously, the remarkable monopole transition strength is obtained for the 0 + 3 state, whereas the strengths of the 0 + 2 and 0 + 4 states are relatively weak. These features of monopole excitations can be understood by the 3α + nn clustering. In order to clarify properties of the clustering, we calculate the squared overlap
with each 3α+nn configuration specified by the parameters D α , θ α , and φ as given in Eq. (12) . D α and θ α describes the position of the third α cluster around the 10 Be core, and φ is the parameter for the nn orientation against the 3α plane (see Fig. 1 ). We categorize Φ 3α+nn (d, D α , φ, θ α ) into three kinds of wave functions as "tetrahedral", "planer", and "linear" configurations with (θ α , φ) = (π/2, 5π/8), (θ α , φ) = (π/2, π/8), and θ = 0, respectively. Each component contained in J π k states is evaluated with O 2 3α+nn (d, D α , φ, θ α ) for the corresponding configuration. Figure 5 shows components of the tetrahedral, planer, and linear configurations. Obtained values of O 2 3α+nn (d, D α , φ, θ α ) are plotted as functions of the distance D α of the third α from the subsystem 2α + nn. Here, we show the result for d = 4 fm of the α-α distance in the 2α + nn part in order to discuss prominent cluster features. As shown in Fig. 5(a) for the tetrahedral, the ground state contains component of the compact tetrahedral configuration, and the 0 + 3 state can be regarded as a vibration mode of the triangle 3α in the tetrahedral configuration. This excitation mode of the 0 + 3 contributes to the remarkable monopole transition strength because it expresses radial excitation of α clusters keeping the same shape as the 0 + 1 state. The 0 + 4 state contains dominantly the linear component with D α = 5 − 6 and constructs the linear-chain band with a large momentum of inertia because of the highly elongated shape. The 0 + 2 state shows weak cluster feature as it is the shell-model state and roughly described by the neutron excitation to the sd shell. However, it contains significant planer component as can be seen in Fig. 5(a) . From this feature found in the mapping onto the cluster model space, one can interpret the 0 + 2 state as the excitation from the compact tetrahedral configuration of the ground state into the planer configuration. Such excitations into the planer and linear configurations obtained in the 0 + 2 and 0 + 4 states involve drastic changes of the geometric structure from the ground state, and describe suppression of monopole transitions in general.
It should be commented that the squared overlap O 3α+nn (d, D α , φ, θ α ) is not concentrated on a specific configuration but somewhat fragmented. It indicates non negligible configuration mixing and also may suggest coupling with continuum states.
In the present calculation of VAP+cl-GCM, the linearchain band is built on the 0 + 4 state in the 3α + nn cluster dynamics. This result is qualitatively similar to that of the previous calculation with the 3α + nn-cluster model [39] . On the other hand, the AMD calculations in Refs. [34, 37, 40] obtained the linear-chain state as the 0 + 3 state. It means that a low-lying monopole excitation was missing in the AMD calculations because they do not fully take into account 3α + nn cluster configurations. As a probe of cluster states, we investigate the α inelastic scattering off 14 C with the MCC calculation. A particular attention is paid on the inelastic scattering of the 0 + 3 having the strong monopole transition, which is expected to be strongly populated by the α scattering. For this state, the monopole transition matrix elements M p (E0) and M n (E0) of the proton and neutron parts are predicted to be M p (E0) = 4.3 fm 2 and M n (E0) = 3.9 fm 2 , which are the same order as M p (E0) = 5.48 ± 0.22 fm 2 of 12 C(0 + 2 ) measured by electron pair emission [73] . The α inelastic scattering cross sections of the 0 + and 2 + states of 14 C are calculated using the matter and transition densities obtained by the present VAP+cl-GCM calculation. The reaction calculation is in principle the same approach as that of our previous works on the 12 C(α, α ) and 16 O(α, α ), which successfully reproduced inelastic cross sections of cluster states. The α-nucleus CC potentials are microscopically derived by folding the Melbourne g-matrix effective N N interaction [61] with an α density and the matter and transition densities of 14 C. The channel-coupling of λ = 0 and λ = 2 transitions for the 0 + 1,...,10 and 2 + 1,...,10 states theoretically obtained by VAP+cl-GCM are taken into account.
The calculated α scattering cross sections of 14 C(0 + ) at incident energies of E α = 140 and 400 MeV and those of 14 C(2 + ) states are shown in Figs. 6 and 7 , respectively. The strong monopole excitation to the 0 + 3 state by the α scattering is predicted because of the remarkable isoscalar monopole transition. Inelastic cross sections of the 0 + 4 state are relatively small. This is consistent with the weak isoscalar monopole transitions from the ground states in prediction of the structure calculation. Among the 2 + states, the cross sections of the 2 + 1 state in the ground band are significantly large, but those of other 2 + states are relatively small.
There is no α scattering experiment that observed the 0 + 3 and 0 + 4 states. From the present prediction of the enhanced 0 + 3 cross sections, one expects strong population of the 0 + 3 state in the α scattering. On the other hand, the present result suggests relatively weak productions of the linear-chain states, the 0 + 4 and 2 + 5 states of 14 C, even though they have a developed cluster structure. However, as seen in Figs. 6 and 7 , the CC effect is minor for the cross sections to those linear-chain states at E α = 400 MeV. This result may suggest a possibility of observing the predicted 0 + 4 and 2 + 5 states in the linearchain band via a multipole decomposition analysis of the α scattering.
V. SUMMARY
Cluster features of 14 C were investigated with VAP+cl-GCM, which is a method of AMD combined with the 3α+ nn cluster model. In the structure calculation of 14 C, the AMD wave functions obtained with the variation after parity and angular momentum projections for 14 C(0 + 1,2 ), 14 C(2 + 1,2 ), and 14 C(1 + 1 ) are used. In addition to the AMD wave functions, 3α + nn wave functions are superposed with GCM to take into account large amplitude cluster motion.
The energy spectra and band structures of 0 + , 2 + , and 4 + states were discussed. The 0 + 3 and 0 + 4 states with prominent cluster structures were obtained. The 0 + 3 state has the remarkable monopole transitions from the ground state and is regarded as the vibrational mode of the triangle 3α configuration. The 0 + 4 state contains dominantly the linear-chain 3α structure with two neutrons. The cluster feature of the 0 + 4 state is qualitatively consistent with the 0 + 4 state obtained with the 3α + nn cluster model calculation in Ref. [39] , and similar to the 0 + 3 state of the AMD predictions in Refs. [34, 37, 40] . The 10 Be(0 + 1 )+α components and the α-decay widths were discussed. The calculated result for the linear-chain band was compared with the observed data reported by α resonant scattering experiments [45] [46] [47] .
The α inelastic scattering off 14 C at E α = 140 and 400 MeV were also calculated by the MCC calculation with the Melbourne g-matrix interaction for the folding model by utilizing the matter and transition densities obtained from the structure calculation. The calculation predicts enhanced monopole cross sections for the 0 + 3 state because of the remarkable monopole transition and 0 + 3 states. In the present calculation, we could not draw a definite assignment of the obtained linear-chain band to observed levels because model ambiguities remains and also experimental information is still limited. In the experimental side, many states have been observed near and above the 10 Be+α threshold energy. The α inelastic scattering can be a good probe for the monopole excitation of the triangle vibration mode predicted as the 0 + 3 state. For the linear-chain band, the present calculation predicts relatively weaker production of the 0 + 4 and 2 + 5 states in the α scattering. Nevertheless, the CC effect is minor for the cross sections to those linear-chain states at E α = 400 MeV. This result may suggest a possibility of observing the predicted linear-chain band via a multipole decomposition analysis of the α scattering.
